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Abstract. The influence of the electron-vibron coupling on the transport
properties of a strongly interacting quantum dot built in a suspended carbon
nanotube is analyzed. The latter is probed by a charged AFM tip scanned along
the axis of the CNT which induces oscillations of the chemical potential and of
the linear conductance. These oscillations are due to the competition between
finite-size effects and the formation of a Wigner molecule for strong interactions.
Such oscillations are shown to be suppressed by the electron-vibron coupling.
The suppression is more pronounced in the regime of weak Coulomb interactions,
which ensures that probing Wigner correlations in such a system is in principle
possible.
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When Coulomb interaction dominates over the kinetic energy of electronic
systems, Wigner molecules of electrons can emerge [1]. After more than 75 years [2],
however the details of the appearance of such a strongly correlated state of matter
are only partially known: the theoretical modeling and the experimental realization
of Wigner molecules are still challenging problems [3, 4, 5], even though quantum
dots [6], allowed a breakthrough in the problem. As long as the theoretical modeling
is concerned, the description of 2-dimensional (2D) Wigner molecules has relied mainly
on numerical techniques [7, 8, 9, 10, 11, 12, 13, 14, 15], while in 1 dimension (1D), aside
from numerical techniques [16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30],
analytical methods can be employed [31, 32, 33, 34, 35, 36, 37], mainly thanks to
the Luttinger liquid theory [31, 38, 39, 40]. On the experimental side, in 2D optical
spectroscopy has been employed [3, 4]; in 1D transport techniques based on momentum
resolved tunneling between quantum wires [41, 42, 43], and on the magnetic properties
of the Wigner molecule [44] have been used. Recently other experimental set ups for
the detection of 1D Wigner molecules have been proposed [26, 45, 46, 47, 48, 49, 50]:
the transport properties of 1D quantum dots perturbed by local probes such as
AFM and STM tips have been demonstrated to be effective in the detection of the
Wigner molecule. In many of the experimental realizations, quantum dots are however
surrounded by metallic gates which unavoidably screen the Coulomb interactions,
demoting the formation of the molecule itself. A possible candidate in which screening
effects can be dramatically reduced is a suspended carbon nanotube (CNT) [44, 51], a
system in which rather strong Coulomb interactions can be attained. In such a system,
however, the electronic degrees of freedom are strongly coupled to the vibrational ones
as it occurs in nano-electro-mechanical systems (NEMS) [52, 53, 54, 55, 56, 57, 58]:
is has indeed been demonstrated that suspended CNTs can behave as mechanical
resonators [59]. Such a source of fluctuations can potentially be detrimental to the
formation of the Wigner molecule.
In this work we investigate the transport properties of a one dimensional quantum
dot, built in a suspended and interacting CNT, scanned by a negatively charged AFM
tip free to move along the axis of the CNT. Employing the Luttinger liquid theory, we
address both the renormalization induced on the chemical potential and on the linear
conductance peak by the presence of the AFM tip. In the absence of electron vibron
coupling these quantities have been demonstrated to be effective in the detection of
the Wigner molecule. We show that care must be taken, since the coupling to a vibron
indeed suppresses the oscillations induced by the tip. However, since electron-electron
interaction reduces the effect of the electron-vibron coupling, we can conclude that a
strongly interacting, suspended CNT may be an excellent candidate to investigate the
physics of Wigner molecules.
As a first step we briefly remind the low energy model for finite size interacting CNTs.
It is well established [60] that the low energy properties of any finite interacting
metallic (or semiconducting, if the Fermi point is not close to the charge neutrality
point [61]) CNT can be described in terms of a four-channel Luttinger liquid. The
Hamiltonian (h¯ = 1) H is H =
∑4
j=1Hj , with [62, 63]
Hj =
1
2
Ej (Nj − δ1,jNg)2 +
∑
µ≥1
µωjb
†
j,µbj,µ , (1)
where Ej = pivF /(4Lg
2
j ), vF is the Fermi velocity and gj is the Luttinger liquid
parameters of each channel, with 0 < g1 ≡ g ≤ 1 and g2 = g3 = g4 = 1. For a
metallic CNT vF = 8 · 105 m/s [64], while considerably lower velocities can be found
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in semiconducting CNTs [61]. Here, Nj is the number of excess electrons in the channel
j with N1 the total number of excess electrons, and Ng ∝ Vg is due to the inclusion of
a gate contact capacitively coupled to the dot. Finally, the second term to the r.h.s. of
Eq. (1) describes collective excitations with bj,µ bosonic operators and ωj = pivF /Lgj .
The electron field operator reads
Ψs(r) =
∑
r=±1
∑
α=±1
fr,α(r)e
irqFxψ+1,rα,s(rx), (2)
where
ψ+1,α,s(x) =
ηα,s√
2pia˜
e−iθα,sei
pix
4L (N1+αN2+sN3+αsN4) ·
e
i
2 [φ1(x)+αφ2(x)+sφ3(x)+αsφ4(x)] , (3)
and
φj(x) =
∑
µ≥1
{
cos (qµx)√
µgj
[
bj,µ + b
†
j,µ
]
+ i
√
gj
µ
sin(qµx)
[
bj,µ − b†j,µ
]}
. (4)
One has qµ = piµ/L, [θα,s, Nα′,s′ ] = iδs,s′δα,α′ , Nα,s = N1 + αN2 + sN3 + αsN4 and
a˜ L a cutoff length. The functions fr,α(r) consist of a superposition of wavefunctions
for pz orbitals, peaked around the positions of atoms in the CNT [64]. Finally, qF
is the distance in the reciprocal lattice between a Fermi point and the closest Dirac
point, considering an effective n doping for the CNT [61]. Throughout this work, we
will assume a reference state with N0 = 4κ (with κ > 0 an integer) electrons, and
qF = piN0/4L.
When the CNT is suspended the interplay between the electronic and the mechanical
degrees of freedom must be addressed. Among the possible quantized oscillation modes
(vibrons) [65, 66, 67, 68, 69, 70, 71, 72], the most relevant for the electronic properties
considered in this work are the lowest stretching ones [74]. We assume that the vibron
extends over the whole length of the CNT, clamped at the CNT ends. The vibron
Hamiltonian is
Hv =
P0
2
2M
+
Mω20
2
X20 , (5)
where ω0 = pivs/L with vs ≈ 2.4 · 104 m/s and M = 2piWLρ0 is the CNT mass,
with W the radius and ρ0 ≈ 6.7 · 10−7 Kg/m2. Here,
√
2MX0 =
(
b0 + b
†
0
)
is the
amplitude operator of the strain field in the fundamental mode u(r) =
√
2X0 sin
(
pix
L
)
.
In the elastic limit, the form of the Hamiltonian Hd−v coupling electronic and vibronic
degrees of freedom is that of a deformation potentialHd−v = c
∫
dx R(r)∂xu(x), where
R(r) =
∑
s Ψ
†
s(r)Ψs(r) is the electron density and c ≈ 30 eV.
Neglecting rapidly oscillating terms with a wavelength ≈ a (with a the CNT
lattice constant), the electron vibron coupling simplifies as [60, 61, 75] Hd−v ∼
c
∫ L
0
dx ρ(x)∂xu(x). Keeping only the lowest relevant harmonics in the density
bosonic expansion [35, 38] one obtains ρ(x) = ρLW (x) + FρF (x) + (1 − F )ρW (x)
where ρLW (x) is the long wave contribution, ρF (x) are the Friedel oscillations [62],
due to finite size effects, and ρW (x) is the Wigner contribution, due to interaction
effects. The parameter 0 ≤ F ≤ 1 cannot be calculated within the Luttinger liquid
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theory: numerically one finds F = 1 in the non interacting case, while F  1 in the
limit of very strong interactions [18]. In the bosonization language one has
ρLW (x)=
N1
L
+
4qF
pi
− ∂x
pi
∑
α,s
ϕα,s(x)
ρF (x) = −
∑
α,s
Nα,s
L
cos
[
LF (x)+ 2pixNα,s
L
−2ϕα,s(x)
]
,
ρW (x) = − N1
L
cos
[
LW (x) + 2pixN1
L
− 4ϕ1(x)
]
,
with LF (x) = 2qF (x) − 2g2h(x), LW (x) = 4LF (x), h(x) = [φ1(x), φ1(−x)]/(4i), and
ϕα,s(x) = [φα,s(−x)− φα,s(x)]/2, ϕ1(x) = [φ1(−x)− φ1(x)]/2.
The long-wave part has a typical length scale ≈ L, while the Friedel and Wigner
contributions oscillate with typical wavelengths (2qF )
−1 and (8qF )−1 respectively. In
this work, we will consider a CNT dot with with a not too small number of electrons
N  1 so that the Friedel and Wigner terms of the density oscillate much faster than
the strain field. As a result, the only relevant contribution to Hd−v stems from the
long-wave part of the density and reads
Hd−v =
c
2pi
∫ L
0
dx ∂x [φ1(x)− φ1(−x)] ∂xup(x) . (6)
Introducing Bµ = ib1,µ and
√
2µω1Xµ (with a conjugated Pµ satisfying [Xµ, Pν ] =
δµ,ν) the electron-vibron coupling casts into
Hd−v =
√
MX0
∑
µ≥1
CµXµ . (7)
where Cµ≥1 = 2λmω
3/2
0
√
ω1L
−1 ∫ L
0
dx cos
(
µpix
L
)
cos
(
pi
Lx
)
, with cλ−1m =
√
ρ0piWvs.
For a typical CNT, λm ≈ 2 [61]. We will assume this value in the following.
It can be readily seen that the operator h1 = H1 +Hd−v +HV is manifestly quadratic
in the operators X0, P0, Xµ, and Pµ and thus can be diagonalized exactly [73]. The
diagonal form of h1 is
h1 =
1
2
E1 (N1 −Ng)2 +
∑
µ≥0
(
P¯ 2µ
2
+ Ω2µ
X¯2µ
2
)
. (8)
For the case of a vibron in its fundamental mode, spanning the entire dot, one
finds Cµ = λmω
3/2
0
√
ω1δµ,1, i.e. the vibron couples to the lowest-lying plasmon
mode only. As a result, Ωµ≥2 ≡ µω1 with the corresponding plasmonic modes
remaining completely unaffected. The energy of the two lowest-lying collective modes
are the positive roots of
(
2 − 1) (2 − r2) = λ2mr where  = Ωµ/ω0 (µ = 0, 1) and
r = ω1/ω0 = vF /(gvs). Clearly, the parameter r governs the nature of the solutions.
Even in semiconducting CNTs, one finds r > 1 since vs does not exceed vF . In this
regime, it can be readily seen that the mode with µ = 0 has energy Ω0 < ω0 and
represents a vibron dressed by the plasmonic mode, while Ω1 > ω1 with Ω1 ≈ ω1 is
the energy of a collective mode almost unaffected by the coupling. As a consequence,
we can further simplify h1 neglecting the slight renormalization of the first plasmonic
mode, to obtain
h1 = H1 +
P¯ 20
2
+ Ω20
X¯20
2
. (9)
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Figure 1. Scheme of the setup. See text for further details.
Within the above approximation, the operator φ1(x), entering the field operators
Ψs(x) transforms upon the diagonalization into φ¯1(x) = φ1(x) + φ0(x), with the
contribution
φ0(x) = α0(x)X¯0 + β0(x)P¯0 , (10)
stemming from the coupled vibronic mode. We find
α0(x) ≈ −
√
2gω1λmr
−3/2k0 sin
(pix
L
)
(11)
and β0(x) = [L/(pigω1)] ∂xα0(x) with k
−2
0 = 1− λ2m/r2.
The total Hamiltonian Hd of the vibrating CNT Hd = h1 +H2 +H3 +H4 is separated
in two additive contributions: the one of zero modes HN , which only depends on Ni,
i = 1, .., 4 and the bosonic one Hb. The eigenstates are |{Ni}, {n(µ)i }〉, where n(µ)i is
the number of bosonic excitations in the i-th channel, with momentum piµ/L. For a
given number of particles N , the ground state |N〉 is obtained minimizing the zero
mode energy with the constraint N1 and setting n
(µ)
i = 0 ∀µ, i.
We now turn to the transport properties of the suspended CNT, tunnel coupled to two
lateral contacts and capacitively coupled to a charged AFM tip, located at 0 ≤ x0 ≤ L
and kept at a potential Vtip < 0. A scheme of the set up is shown in Fig.1. The source
and drain (λ = S,D) contacts are non-interacting Fermi gases at potential −V/2 and
V/2 respectively, with Hamiltonians Hλ. The tunneling Hamiltonians connecting the
dot and the lead λ read [61, 75, 76, 77]
Htλ = t0
∑
λ=S,D
∑
α,s,q
ψ+1,α,s(xλ)cλ,s(q) + h.c. , (12)
where we assumed symmetric barriers with t0 the tunneling amplitude. Here, cλ,s(q)
are the operators for an electron with momentum q and spin s in the non-interacting
lead λ and x1 = 0, x2 = L are the positions of the tunneling contacts.
The capacitive coupling between the dot and the tip (assumed non magnetic [78]) is
given by HAFM = HF +HW with,
HF = V
(F )
∑
α,s
cos
[
LF (x) + 2piNα,sx
L
− 2ϕα,s(x)
]
,
HW = V
(W ) cos
[
LW (x) + 2piN1x
L
− 4ϕ1(x)
]
.
Here, V (ξ) ∝ |Vtip| (ξ = F,W ) parameterizes the strength of coupling between the
tip and the Friedel or Wigner contributions to the density. We have assumed in this
work a sufficiently sharp tip, whose width δ is larger than the CNT lattice constant
but smaller than the wavelength of the Wigner oscillations. The coupled tip induces a
Probing Wigner correlations in a suspended carbon nanotube 6
renormalization of both the chemical potential of the dot and of its linear conductance.
To the lowest perturbative order in V ξ is given by µ = µ0 + δµ(x0) where µ0 =
〈N + 1|Hd|N + 1〉 − 〈N |Hd|N〉 is the chemical potential in the absence of the tip and
δµ(x0) = 〈N + 1|HAFM |N + 1〉 − 〈N |HAFM |N〉 the first order tip correction. Here,
and in the rest of the paper, for definiteness we assume N1 = 4n (with n ≥ 0 an
integer). One finds
δµ(x0) =
∑
ξ=F,W
V (ξ)[ζ(ξ)(N + 1, x0)− ζ(ξ)(N, x0)] , (13)
where
ζ(F )(n, x) =K(x)
3+g
4 V (x)
1
4
∑
α,s
cos
[
LF (x)+ 2pixNα,s
L
]
,
ζ(W )(n, x)=K(x)4gV (x)4 cos
[
LW (x)+ 2pixn
L
]
, (14)
K(x) =
sinh
(
pia˜
2L
)√
sinh2
(
pia˜
2L
)
+sin2
(
pix
L
) ; V (x)=e−α20(x)Ω0 .
In Eq. (14) we have Nα,s = N1/4 if n = N1, while Nα∗,s∗ = N1/4 + 1 for a
given α = α∗, s = s∗ and Nα6=α∗,s 6=s∗ = N1/4 if n = N1 + 1. This is due to the
fourfold degeneracy of the ground state with N + 1 electrons. The chemical potential
corrections consist of an oscillating pattern, oscillating in accordance to the Friedel
or the Wigner length scale, modulated by an envelope function slowly varying on the
scale of L. The envelope functions are composed by a term K(x), stemming from the
collective modes of the CNT at energies µω1 and present also in the absence of the
electron-vibron coupling [45], and by V (x) which originates from the electron-vibron
coupling. Both K(x) ≤ 1 and V (x) ≤ 1 contribute to suppress the oscillatory pattern:
the coupling of mechanical and electrical degrees of freedom leads therefore to an
additional suppression of both Friedel and Wigner oscillations, induced by increased
fluctuations of the charge degree of freedom. The term K(x) exhibits different power
laws as a function of the Luttinger parameter g in the Friedel and in the Wigner
channels: the suppression of the Wigner fluctuations is most severe than that of
the Friedel channel when g → 1, while in the strong interactions regime one has no
suppression of the Wigner oscillations due to the high energy collective modes of the
CNT, in contrast with the Friedel oscillations which are still damped even for g = 0.
In the sequential tunneling regime, the linear conductance can be evaluated setting
up a rate equation for the occupation probability of the dot states. Tunneling rates
between dot ground states with N = N0 + N1 and N + 1 electrons are evaluated
to the second order in t0 by means of the Keldysh technique [45, 79, 80, 81]. The
effects of the AFM tip are evaluated as a perturbation to first order in V (ξ). In the
linear regime and for low temperature kBT < Ω0 tunneling rates attain the form
Γ
(λ)
N→N+1 = γ
(λ)(x0)f(µ) and Γ
(λ)
N1+1→N1 = γ
(λ)(x0)f(−µ) where f(E) =
[
1 + eβE
]−1
is the Fermi function with β−1 = kBT . The tunneling rates γ(λ)(x0) can be
evaluated explicitly following a procedure analogous to that outlined in Ref. [45].
Here we just quote the final result γ(λ)(x0) = γ
(λ)
0
[
1 + δγ(F )(x0) + δγ
(W )(x0)
]
with
γ
(λ)
0 = ν0|t0|2(pia˜)−1
(
1− e−pia˜/L)−(3+g)/4 where ν0 is the leads density of states, and
δγ(ξ) = 2V (ξ)N (ξ)(x0)
∑
m 6=0,δ=i,f
1
Λ
B(ξ,δ)m C
(δ,ξ)
m (x0) . (15)
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Several quantities have been introduced: m = (m1,m2,m3,m4) is a vector of four
integers,Λ = ρ(m1 + m2) + σ(m3 + m4), the coefficients are given by B
F,i
m =
b
+,1/4
m1 b
−,1/4
m2 b
+,3/4
m3 b
−,3/4
m4 , and, B
W,i
n,m = b
+,1
m1 b
−,1
m2 δm3,0δm4,0, while B
ξ,f
n,m is expressed
in terms of Bξm as B
ξ,f
m1,m2,m3,m4 = B
ξ,i
m2,m1,m4,m3 with
b+,κl =
(−e−piαL )l (1− e−αpiL )κ Γ(1 + κ)θ(l)
l!Γ(1 + κ− l) (16)
b−,κl =
(
e−
piα
L
)l (
1− e−αpiL )−κ Γ(l + κ)
l!Γ(κ)
θ(l). (17)
The oscillations of the tunneling rate as a function of the tip position are encoded in
the functions C
(δ,ξ)
n,m (x0), given by
C(δ,ξ)m (x0)=cos
[
L(δ)F/W (x0)+
pi(m1+m3−m2−m4)x0
L
]
,
with L(i)F (x0) = LF (x0) + piN1x0/2L, L(i)W (x0) = LF (x0) + 2piN1x0/L, L(f)F (x0) =
L(i)F (x0) + pix02L , L(f)W (x0) = L(i)W (x0) + 2pix0L , and finally the pre-factors N (ξ)(x0) are
given by N (F )(x0) = K(x0)
3+g
4 V (x0)
1
4 and N (W )(x0) = K(x0)
4gV (x0)
4.
In terms of the above quantities, the differential conductance G is given by [45]
G =
4βe2∆(x0)f(−µ)
4 + eβµ
(18)
∆(x0) =
γ(S)(x0)γ
(D)(x0)
γ(S)(x0) + γ(D)(x0)
. (19)
The factor 4 in Eq. (18) stems from the fourfold degeneracy of the ground state with
N1 + 1 electrons. We now turn to a discussion of the results. Figure 2 shows the
calculated linear conductance and chemical potential shift for a CNT tuned about
the transition between N = 16 electrons (N0 = 16, N1 = 0) and N = 17 electrons
(N0 = 16, N1 = 1) for the case of mild interactions, g = 0.7. Panel (a) shows the os-
cillations of the chemical potential shift δµ(x0) as a function of the tip position x0. In
the weak interaction regime, Friedel oscillations dominate over the Wigner ones: as a
result a typical shape with N0/4+1 = 5 maxima and N0/4 = 4 minima is shown. This
corresponds to the wavelength of the Friedel oscillations which is not determined by
the total number of electrons but by the number of electrons in the sector α, σ involved
in transport, in analogy with the behaviour of a two-channel quantum wire [26, 45].
The blue curve represents the results in the absence of electron-vibron coupling: only
minor ripples near the dot edges signal the weak influence of the Wigner molecule.
The red curve shows the results obtained including the electron-vibron coupling: a
suppression of the oscillations is evident, which also washes away the small features
near the border. The overall shape of δµ(x0) is, however, completely analogous to
the static case. Here and in the following, we have chosen a semiconducting CNT
with a fairly small Fermi velocity vF /vs = 4.6, in order to enhance the electron-vibron
coupling. Panel (b) shows the linear conductance as a color map, as a function of the
tip position and the number of charges induced by the gate. The latter quantity is re-
sponsible for tuning µ0 and hence for bringing the dot into the resonance, which occurs
when µ = µ0+δµ(x0) = (kBT/2) ln(4), see Eq. (18). Since δµ(x0) oscillates, the value
of Ng needed to obtain the resonance fluctuates, allowing to map the shift in chemical
potential. Also the intensity of the conductance oscillates as the tip is scanned along
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Figure 2. Transport properties of a suspended CNT dot near the transition
between 16 and 17 electrons for mild interactions, g = 0.7, when the AMF tip is
placed at x0. (a) Corrections to the chemical potential δµ(x0) (units V (F )) as
a function of x0 (units L); (b) Density plot of the linear conductance G (units
e2γ
(S)
0 /ω2) as a function of x0 (units L) and N¯g = Ng − 3ω2/8E1; (c) Maximum
of the linear conductance as a function of x0 (units L). In panels (a) and (c), blue
(red) curves have been calculated neglecting (including) electron-vibron coupling.
Other parameters: V (F ) = V (W ) = 0.05ω2, kBT = 0.1Ω0, λm = 2, vF /vs = 4.6
appropriate for a semiconducting CNT and a˜ = L/50.
the CNT. Panel (c) shows the height of the maximum Gm = maxNg{G} as a function
of x0. The overall qualitative features are analogous to those of the chemical potential
with the presence of 5 peaks and 4 valleys. The static CNT displays small ripples at
the border of the dot, similarly to the behaviour of the chemical potential. However,
such features basically disappear as a vibrating dot is considered, along with a suppres-
sion of the conductance. Figure 3 shows the case of a strongly interacting CNT, most
favorable to observe the emergence of Wigner correlations. The chemical potential
shift now distinctly shows 17 maxima and 16 minima, with an oscillation character-
ized by the Wigner wavelength. In the case of a vibrating CNT, a suppression of the
oscillations is observed. Still, the qualitative shape of the chemical potential shift is
unaffected. Indeed, as g → 0, the parameter r increases, which leads to α0(x) → 0,
thus making the contribution due to vibrons small. Also in this case the oscillations
of the intensity of the conductance show oscillations with a period shorter than the
Friedel one, However, the regime of a Wigner molecule is not fully developed in this
quantity. The small suppression of the differential conductance maximum in the case
of a vibrating dot does not alter qualitatively the results.
In conclusion we have calculated the correction to the chemical potential and the lin-
ear conductance of a 1D quantum dot built in an interacting and suspended CNT,
perturbed by a charged AFM tip capacitively coupled to the dot. We demonstrated
Probing Wigner correlations in a suspended carbon nanotube 9
Figure 3. Same as in Fig. 2 but for a strongly interacting CNT, with g = 0.2.
that both quantities depend on the electron-vibron coupling, whose effect is to sup-
press the oscillations of the chemical potential and of the conductance, induced by the
Wigner and Friedel oscillations of the density. We have also shown that for realistic
devices with a fairly strong electron-vibron coupling this suppression is not enough to
produce qualitative modifications of the oscillating patterns. Indeed, in the case of
strongly interacting nanotubes, the large mismatch of velocities between the plasma
modes and the strain implies a strong reduction of the effects induced by vibrons,
producing an even more favorable situation to observe the effects of Wigner molecules
in a transport experiment.
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